The velocity profiles and properties of proto-magnetar winds are investigated. It is found that the corotation of wind matter with magnetic field lines significantly affects r-process nucleosynthesis and could lead to long duration γ-ray bursts and hyper-energetic supernovae.
INTRODUCTION
According to nucleosynthesis theory (Burbidge et al. 1957) , most heavy elements with charge number Z > 30 are formed in neutron-capture (n-capture) processes. In spite of their tiny abundances in Solar system matter (∼ 10 −6 %), n-capture elements can produce obvious spectral line absorptions, and thus are detectable in many astronomical observables, such as the metal-poor Galactic halo stars. These processes are defined as a slow process (s-process) if the timescale for neutron capture is much longer than the decay timescale and a rapid process (r-process) when the situation is reversed for unstable nuclei. Modern studies indicate that s-process and r-process elements have different origins. In fact, theoretical studies have led to the identification of the s-process site in low-to intermediate-mass stars (i.e., M ∼ 1.3 − 8 M ) during the red giant phase, specifically the asymptotic giant branch (AGB) stage (Zhang et al. 1996 (Zhang et al. , 2006 . However, the actual astrophysical site for the r-process has not been identified so far. Sneden et al. (2008) showed that the observed abundances of n-capture elements in metal-poor star CS 22892-052 reproduce the r-process curve of the solar system remarkably well. This suggests a universal range of conditions for the r-process of the universe. It is known that for the r-process to be effective, it needs the ratio of neutrons to seed nuclei to be greater than 100. This fact limits the matter specific entropy, electron fraction and dynamic timescale of the physical process in a stringent region. The nascent neutron star neutrinodriven wind, due to the appropriate dynamic timescale and richness in neutrons, is considered one of the most promising sites to investigate the r-process (Qian & Wasserburg 2007) .
It is well known that most neutron star formation results from the core collapse of the end-stage evolution of a massive star accompanied by supernova (SN) explosions (Burrows 2000) . Although the detailed mechanism is still elusive, a great deal of theoretical research and numerical simulations indicate that the gravitational binding energy is carried away predominantly by all species of neutrinos. A fraction of neutrino energy is absorbed by the surface layers of the proto-neutron stars (PNSs) and the surrounding atmosphere, and on timescales ≤ 1 s after core collapse, heats the material below the stalled shock to result in a SN re-explosion; at t ≥ 1 s, it continues heating the cavity evacuated by the SN shock and drives material from the star's surface to form a persistent thermal wind with photons, electrons, positrons, nucleons, α particles and some heavy elements trapped in it. The wind continues blowing for about the neutrino-diffusing timescale in a PNS, i.e., the Kelvin-Helmholtz cooling epoch, lasting for 10 ∼ 100 s.
Although the PNS winds are one of the promising sites for effective r-process nucleosynthesis, as yet, unfortunately, none of the theoretical models are entirely capable of successfully reproducing the abundances of r-process elements seen in nature (Qian & Wasserburg 2007) . One of the promising schemes is to consider the PNSs with very strong magnetic fields, i.e., proto-magnetars. Recent investigations (Metzger et al. 2007 (Metzger et al. , 2008 based on the MHD analysis indicate that strong magnetic fields favor the appearance of the effective r-process, but require several stringent conditions. However, their conclusions are reached in the framework of non-relativity. Cardall & Fuller (1997) and Otsuki et al. (2000) , dedicated to the study of non-magnetic winds, showed that generalrelativistic (GR) effects can provide favorable conditions for the r-process to be effective. Moreover, though the origin of large magnetic strengths is not very clear, Duncan & Thompson (1992) argued that it is due to an efficient dynamo by the stellar core's milllisecond rotation at birth that magnetars develop ∼ 10 15 G magnetic fields. Such rapid rotation and high magnetic fields have dramatic consequences for the dynamics of the PNS winds. First, a neutron star with a millisecond spin period has a reservoir of rotational energy on the scale of a SN explosion. Secondly, the strong magnetic field lines force the wind matter to corotate which provides an efficient mechanism for spindown. Therefore, the proto-magnetar winds may drive a hyper-energetic SN or be the central engine of long-duration GRBs (Thompson et al. 2004) .
The above review stimulates the present work. In addition, it is known that near the surface of a PNS, the density ρ is about on the scale 10 10 g cm −3 and the temperature T ∼ 5 MeV, therefore the thermal pressure P = 11π
. If the magnetic energy density is comparable to or larger than the thermal pressure, the magnetic fields will significantly contribute to or dominate the dynamics of the wind. In the present work, to highlight the influence of the magnetic field on the winds, we use the magnetic field strength of the PNS's surface B 0 = 10 15 G as one paradigm for investigation. In view of the fact that it is also the characteristic magnetic field strength of a magnetar, we believe that it is a reasonable choice. This work is organized as follows. In Sections 2 and 3, we briefly describe the formulae for evaluating the proto-magnetar wind properties in Newtonian and GR form and give the inputs and numerical method used in this paper. The results are presented in Section 4. Conclusions are given in Section 5.
THE FORMULAE

The Newtonian Winds
As proposed by Weber & Davis (1967) and Michel (1969) , in this work, for a time-independent neutrino-driven MHD wind, we only consider all physical quantities restricted to the equatorial plane (but still assumed to have spherical symmetry) and omit their θ components. The time-independent non-relativistic MHD equations for flow arė
In this steady state, L is the specific angular momentum, and I is the so called "consequence of induction." Conservation of magnetic flux requires the total magnetic flux, Φ B = r 2 B r to be constant in radius. The wind energy and entropy equations are
where E is defined as
in which v φA = B φ /(4πρ) 1/2 and v A is the Alfvén speed defined as v A = B r /(4πρ) 1/2 , h is the specific enthalpy andα is defined asα = M/r. The energy deposition rate per unit mass q ν provides a source term in the above equations and is related to the reactions for the charged-current processes ν e + n ↔ p + e − andν e + p ↔ n + e + , inelastic neutrino-lepton, -baryon scattering and the process νν ↔ e + e − . In this paper, we use the rates obtained by Thompson et al. (2001) . Combining the above equations, one can obtain the logarithmic derivative of the velocity as
where the expression of t 1 will be given as
Here ξ i values are given respectively by
where ∂h/∂s = T + D/C V , C V is the specific heat and D = (T /ρ)(∂P/∂T ) ρ . Also, t 2 is given as
where
A and slow-magnetosonic (SM) and fast-magnetosonic (FM) velocities are defined as
φA )/2 and c s is the speed of sound.
The General-Relativistic Winds
In Schwarzschild spacetime, the dynamics of the winds are governed by the equations
The corresponding quantities to those in the Newtonian wind arė
with α = 1 − 2M/r. The equivalent functions for the wind entropy and energy respectively are
where u p is defined as u r /α with u r being the radial component of the fluid 4-velocity,
is the corresponding 3-velocity,
and
From the above, we obtain
where ξ i values are given respectively by 
where u φA = B φ /(4πρh) 1/2 , and
Compared with the Newtonian SM and FM velocities given by Equations (10) and (11), the general-relativistic equivalence Equations (23) and (24) are identical except for k 0 .
INPUTS AND NUMERICAL METHOD
In this work, we use 1.4 M and 10 km as the representative PNS mass and radius. The neutrino reaction rates are taken to be the same as those of Thompson et al. (2001) 51 erg s −1 . We do not consider the submagnetosonic wind. Therefore, the outflow velocity passes smoothly through the SM, Alfvén and FM critical points in sequence. This situation is more complicated than in the case of non-magnetic wind (Thompson et al. 2001) , which has one critical point, i.e., the sonic point. As indicated by Equations (9) and (22), when the outflow velocity matches the wave velocity of the SM and FM wave modes, the denominator of Equations (7) and (20) becomes zero; to ensure continuity of the solution through the SM and FM critical points, the numerator must simultaneously be zero. In order to solve Equations (7) and (20), we must also know the uncertain mass outflow rate and also determine the two unknown critical radii r SM and r FM . The shooting method, as one of the methods to solve the ordinary differential equation, is inappropriate for Equations (7) and (20) . For this reason, we use another method in this article, the so called relaxation algorithm, which is described in the textbook (Press et al. 1992) in detail. Figure 1 presents the velocities as functions of radius for GR and Newtonian winds. As discussed above, the chosen surface magnetic field strength makes the PNS wind magnetically dominated. Therefore, the large centrifugal force results in a great enhancement of the outflow speed (at large radius ∼ 0.75c), compared with the non-magnetic (NM) wind (at large radius ∼ 0.1c). The discrepancy between the GR and Newtonian results for the outflow speed is small and due to the appearance of α particles; the magnetosonic velocities all show a discontinuity, especially for v SM at r ∼ 18 km. Note that the GR-type v A and v FM exceed light speed in a range of radii, but there is no trouble because they do not cause physical signals.
RESULTS
As indicated by Hoffman et al. (1997) , a successful r-process for achieving all abundance peaks requires
where S a denotes the asymptotic entropy of the outflow and F is only a function of the asymptotic electronic fraction Y a e . The dynamical timescale τ dyn is defined as
Firstly, we show that S a and τ dyn are functions of the stellar rotation period P in the left and right panels in Figure 2 , respectively. It is shown that the GR effects on τ dyn are not important except for very short periods (left panel), while those on S a are significant (right panel). These phenomena can be partially understood by the small discrepancy between the velocity profiles for Newtonian and GR winds in Figure 1 and by the comparison of the equations for the outflow entropy s in Equations (5) and (18), from which we can see that the factor α in Equation (18) coming from the Schwarzschild geometry at small radii obviously affects the dynamic equation of s (similar discussion can be applied to temperature T ), resulting in a greater GR wind calculation of S a than for the Newtonian one. Notice that the exponent of S a is 3 in Equation (25), so the appropriate change of S a can lead to the distinct variation of the left-hand side of Equation (25). Moreover, S a is seen to drop when the rotation period decreases due to the great speed of the wind pushed by the large centrifugal force which means that the outflow does not have enough time to be heated. Also, one sees that weaker neutrino luminosity results in greater S a . S a can be approximately given by where (26), there are two factors which affect it. One is the scale height of the wind density, i.e., |dρ/dr|/ρ, the other is the outflow velocity u r . The rotational effects make u r increase, thus decreasing τ dyn , while for the most rapidly rotating solution, the centrifugal support is sufficient to expand the scale height of the wind at small radii, which results in the increase of τ dyn for Newtonian calculations. Note that the large GR effects at small radii significantly cancel out this increase.
The left side of Equation (25) is shown as a function of P in Figure 3 . Compared with the NM results, one can see that strong magnetic fields really favor the r-process. In the strong magnetic fields, Figure 2 shows that the rotational effects decrease τ dyn in most cases favoring the r-process and the decreasing S a disfavors the r-process. Competition between these factors results in the best situations for a successful r-process for P ≈ 2 − 3 ms. Moreover, we found that considering GR effects, the successful r-process would take place more easily in PNS winds with strong magnetic fields, consistent with the conclusions (Cardall & Fuller 1997; Otsuki et al. 2000) for the NM case. Figure 4 depicts the mass loss rates as a function of P . One sees that due to the large centrifugal force, for P 3 ms, the mass loss ratesṀ rapidly grow. Empirically,Ṁ is given bẏ
whereṀ NM is the mass loss rate for NM winds and ΩṀ ≈ Ω 0 (Lν e ,51 /8) 0.04 s −1 with Ω 0 = 3500 for the Newtonian form and 4300 for the GR one. The total angular momentum loss rate isJ = LṀ ; therefore, the rotational power loss isĖ rot = ΩJ. For PNS with initial rotation period P 0 ≈ 1 ms, the rotational energy is about 2 × 10 52 erg. If we assume the neutrino luminosity drops linearly with PNS evolution time as Metzger et al. (2007) did, the rotational power loss isĖ rot 5 × 10 51 erg during the Kelvin-Helmholtz epoch, about 1/4 of the rotational energy, which is consistent with the energy required to produce long duration γ-ray bursts and hyper-energetic supernovae. 
CONCLUSIONS
In summary, we have investigated the velocity profiles and properties of proto-magnetar winds for both Newtonian and general relativistic forms in this paper. The corotation of the wind material with the magnetic field lines makes the outflow speed and mass loss rate increase and reduces the asymptotic entropy and dynamical timescale. Our calculations show that P ≈ 2−3 ms is the most effective in successful r-process generation for the Newtonian and general relativistic cases and, considering the general relativistic effects, nucleosynthesis can successfully occur in proto-magnetar winds. The extracted energy is sufficient for producing long duration γ-ray bursts and hyper-energetic supernovae. However, conclusions will only be ultimately reached after more detailed studies. This work is in progress.
